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A graph G is called a complete fc-partite {k > 2) graph if its vertices can be partitioned 
into k independent sets V±, . . . , Vfc such that each vertex in Vi is adjacent to all the other 
vertices in Vj for 1 < % < j < k. A complete ^-partite graph G is a complete balanced k- 
partite graph if |Vi| = | V 2 \ = ■ ■ ■ = |T4|- An edge-coloring of a graph G with colors 1, . . . , t 
is an interval t-coloring if all colors are used, and the colors of edges incident to each ver- 
tex of G are distinct and form an interval of integers. A graph G is interval colorable 
if G has an interval t-coloring for some positive integer t. In this paper we show that a 
complete balanced ^-partite graph G with n vertices in each part is interval colorable if 
and only if nk is even. We also prove that if nk is even and {k — \)n <t< (|/c — l) n — 1, 
then a complete balanced A;-partite graph G admits an interval ^-coloring. Moreover, 
if k = p2 q , where p is odd and q 6 N, then a complete balanced A;-partite graph G has 
an interval i-coloring for each positive integer t satisfying (k — l)n < t < (2k — p — q) n—1. 
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1. Introduction 



Throughout this paper all graphs are finite, undirected, and have no loops or multiple 
edges. Let V(G) and E(G) denote the sets of vertices and edges of G, respectively. For 
F C E(G), the subgraph obtained by deleting the edges of F from G is denoted by G — F. 
The maximum degree of G is denoted by A(C7). The terms and concepts that we do not 
define can be found in [ [19] . 

An edge-coloring of a graph G is a mapping a : E(G) — > N. A proper edge-coloring of 
a graph G is an edge-coloring a of G such that a(e) ^ a(e') for any pair of adjacent edges 
e, e' G E(G). The edge-chromatic number x'{G) of G is the least number of colors needed 
for a proper edge-coloring of G. Clearly, x'{G) — ^(G) for every graph G. On the other 
hand, the well-known theorem of Vizing [ [16] states that the edge-chromatic number of 
any graph G is either A(C7) or A(C7) + 1. One of the most important, interesting and 
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long-standing problem in this field is the problem of determining the exact value of the 
edge-chromatic number of graphs. There are many results in this direction, in particular, 
the exact value of the edge-chromatic number is known for bipartite graphs [H3], complete 
graphs [ HI [TS], complete multipartite graphs [El |H], split graphs with odd maximum 
degree [[5], outerplanar graphs [[7], planar graphs G with A(G) > 7 [ \TT\ [20]. 

A graph G is a complete /c-partite (A; > 2) graph if its vertices can be partitioned into k 
independent sets Vi, . . . , Vk such that each vertex in Vi is adjacent to all the other vertices 
in Vj for 1 < i < j < k. A complete fc-partite graph G is a complete balanced fc-partite 
graph if | Vi | = | V2 1 = • • • = | Vfc | . Clearly, if G is a complete balanced fc-partite graph with 
n vertices in each part, then A(G) = {k — l)n. Note that the complete graph K n and 
the complete balanced bipartite graph K n ^ n are special cases of the complete balanced 
fc-partite graph. In [E], Laskar and Hare proved the following: 

Theorem 1 If G is a complete balanced k-partite graph with n vertices in each part, then 



A more general result was obtained by Hoffman and Rodger [ [9] . Before we formulate 
this result we need a definition of the overfull graph. A graph G is overfull if |.E(GQ| > 



An edge-coloring of a graph G with colors 1, . . . , t is an interval t-coloring if all colors 
are used, and the colors of edges incident to each vertex of G are distinct and form an 
interval of integers. A graph G is interval colorable if G has an interval t-coloring for some 
positive integer t. For an interval colorable graph G, the least and the greatest values 
of t for which G has an interval t-coloring are denoted by w(G) and W(G), respectively. 
The concept of interval edge-coloring was introduced by Asratian and Kamalian [[I]. In 
[ [U |2] , they proved the following: 

Theorem 3 If G is a regular graph, then 

(1) G is interval colorable if and only if x'{G) = A(G). 

(2) If G is interval colorable and w(G) <t< W(G), then G has an interval t-coloring. 

In [ IIP] , Kamalian investigated interval colorings of complete bipartite graphs and trees. 
In particular, he proved the following: 

Theorem 4 For any r,s6N, the complete bipartite graph K rs is interval colorable, and 




if nk is even, 
if nk is odd. 



A(G). Clearly, if G is overfull, then X '(G) = A(G) + 1. 



Theorem 2 If G is a complete k-partite graph, then 




A(G), if G is not overfull, 
A(G) + 1, if G is overfull. 



(1) w (K r>s ) = r + s- gcd(r, s), 
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(2) W(K r)8 ) = r + 8-l, 

(3) if w (i£r,s) < t < W (Kr,s), then K r s has an interval t-coloring. 

Later, Kamalian [[11] obtained an upper bound on W(G) for an interval colorable graph 
G depending on the number of vertices of G. 

Theorem 5 If G is a connected interval colorable graph, then W(G) < 2\V(G) \ — 3. 

Clearly, this bound is sharp for the complete graph K 2 , but if G ^ K 2 , then this upper 
bound can be improved to 2 |V(G)| — 4 [8]. For an r- regular graph G, Kamalian and 
Petrosyan [[12] showed that if G with at least 2r + 2 vertices admits an interval t-coloring, 
then t < 2 |V(C?)| — 5. For a planar graph G, Axenovich [ [3] showed that if G has an 
interval t-coloring, then t < \ V{G)\. In [US], Petrosyan investigated interval colorings of 
complete graphs and n-dimensional cubes. First note that K 2n +i is not interval colorable, 
but K 2n is interval colorable and w(K 2n ) = 2n — 1 for any n E N. For W(K 2n ), Petrosyan 
[[15] proved the following: 

Theorem 6 Ifn = p2 q , where p is odd andq is nonnegative, then W (K 2n ) > An—2—p—q. 

In this paper we investigate interval colorings of complete balanced fc-partite graphs. 
In particular, we generalize Theorem [6] for complete balanced /c-partite graphs. Also, we 
discuss some other corollaries of our result. 



2. Results 

If a is a proper edge-coloring of G and v E V(G), then S (v, a) denotes the set of colors 
appearing on edges incident to v. 

Let [t] denote the set of the first t natural numbers. Let \_a\ denote the largest integer 
less than or equal to a. For two positive integers a and b with a < b, the set {a, . . . , b} is 
denoted by [a, b] and called an interval. For an interval [a, b] and a nonnegative number 
p, the notation [a, b] © p means: [a + p, b + p] . 

We also need the following lemma. 

Lemma 7 If K n ^ n is a complete balanced bipartite graph with a bipartition (U,V), where 
U = {ui, . . . ,u n } and V = {v\, . . . ,v n }, then K n ^ n has an interval (2n — l)-coloring a 
such that S(ui, a) = S(vi, a) = [i, i + n — 1] for 1 < i < n 

Proof. Let (U, V) be a bipartition of K n ^ n , where U = {u\, . . . , u n } and V = {v%, . . . , v n }. 
Define a coloring a of the edges of K n ^ n as follows: for each edge UiVj E E(K n ^ n ), let 
a(uiVj) + j — where 1 < i < n, 1 < j < n. Clearly a is an interval (2n — l)-coloring 
of K n ^ n and S(ui, a) = S(vi, a) = [i, i + n — 1] for 1 < i < n. □ 



4 



Petros A. Petrosyan 



Let G be a complete balanced ^-partite graph with n vertices in each part. By Theorems 
[T] and [21 we have that G is interval colorable if and only if nk is even. Moreover, if nk 
is even, then w(G) = A(G) = (k — l)ra. On the other hand, by Theorem El we obtain 
W(G) < Ink — 3 whenever nk is even. Now we derive a lower bound for W(G). 

Theorem 8 If G is a complete balanced k-partite graph with n vertices in each part and 
nk is even, then W(G) > — 1J n — 1. 

Proof. We distinguish our proof into two cases. 
Case 1: A: is even. 

Let V(G) = \vf : 1 < % < k, 1 < j < raj and 

E(G) = {vjPv^ : 1 < % < j < k, 1 < p < n, 1 < q < raj. 
Define an edge-coloring a of the graph G. 

For each edge v p ^Vq^ G E{G) with 1 < i < j < k and p — 1, . . . ,n, q — 1, . . . ,ra, define 
a color a fup^q' 7 ^ as follows: 

for i = 1, . . ., LfJ, J = 2, . . 2 + j < f + 1, let 

a ^4 l) i^J = (i + j-3)n + p + q- 1; 
for i = 2, . . . , | - 1, j = [|J + 2, . . . , |, i + j > | + 2, let 

a (li^v? 5 ) = (i + j + f-4)n + p + g-l; 
for i = 3, . . . , |, i = | + 1, . . . ,k - 2, j - i < | - 2, let 

a (v^vjf^ = (f + j - i - 1) ra + p + q - 1; 
for i = 1, . . . , |, j = | + 1, . . . , k, j - i > |, let 

a (vp^VqA = (j — % — 1) ra + p + q — 1; 
forz = 2,...,l+ [*=2J, J = f + !,...,§ + [4=2j, j - i = | - 1, let 

a f^^? ) = (2* - 3) ra + p + q - 1; 
for i = [^J + 2, . . . , |, j = | + 1 + [^\ , . . . , k - 1, j - i = | - 1, let 

a (vp^VqA = (i + j — 3) ra + p + q — 1; 
for % = | + 1, . . . , | + [|J - 1, j = | + 2, . . . , k - 2, % + j < Ik - 1, let 
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a (vpVqj = (i + j — k — l)n + p + q — 1; 

for % = \ + 1, . . . , k - 1, j = | + L|J + 1, • • • , k, i + j > f k, let 

a (vjPvty = (i + j- |-2)n + p + g-l. 

Let us prove that a is an interval ((§& — l) n — l)-coloring of the graph G. 
First we show that for each t G [y^k — l) n — l] , there is an edge e G -E(G) with 
a(e) = £. 

Consider the vertices . . . , ui 1 ^, v[ k \ . . . , . Now, by Lemma [7J and the definition 
of a, for 1 < j < n, 

S (vf\ a) = Uti ([J, J + n - 1] © (Z - l)n) and 
5 (vf, a) = 2 flj, J + n - 1] © (Z - l)n). 

Let C and C be the subsets of colors appear on edges incident to the vertices v± 
and v[ k \ . . . ,Vn in the coloring a, respectively, that is: 

C = U;=i S (y® , a) and V = U - =1 5 , a) . 

It is straightforward to check that CUC = [(§£; — l) n — l] , so for each t G [(|fc — l) n — l] , 
there is an edge e G -E(G') with a(e) = t. 

Next we show that the edges incident to any vertex of G are colored by (k — l)n 
consecutive colors. 

Let vf G V(G), where 1 < i < k, 1 < j < n. 

Subcase 1.1. 1 < i < 2, 1 < j < n. 

By Lemma [7] and the definition of a, we have 

S (vf\a) = S (vf\a) = Ufcf {[j,j + n - 1] © (Z - l)n) = [7, j + (fc - l)n - 1]. 

Subcase 1.2. 3 < i < |, 1 < j < n. 

By Lemma [7J and the definition of a, we have 

S (vf\a) = UfLt? (D\ J +n - 1] © (Z - l)n) = [j + (» - 2)n, j + (fc - 3 + i)n - 1]. 

Subcase 1.3. f + l<i<fc-2, 1 < j < n. 
By Lemma [7J and the definition of a, we have 

S (vf\a) = Ut'frw +«-!]©('- = [j + (« - I) n,j + (§ - 1 + i) n - l] . 

Subcase 1.4. k — l<i<k,l<j<n. 

By Lemma [TJ and the definition of a, we have 
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S (vf-^^a) = S („< fc \ a) = Ujt 2 + n - 1] © (I - l)n) = 
[ j+ (|-l)n,i + (f -2)n-l]. 

This shows that a is an interval ((§& — 1) n — l)-coloring of G; thus W{G) > (|A; — l) n- 
1 for even k > 2. 
Case 2: n is even. 

Let n = 2m, m E N. Let ^ = juf \ . . . , u{ fe+i) , . . . , v { £ +i) } (1 < i < k) be the 
A; independent sets of vertices of G. For i = l,...,2k, define the set Vi as follows: 
Vi = {vf\...,vtty Clearly, V(G) = (jji ^- For 1 < z < j < 2fc, define (VJ, V$) 
as the set of all edges between Vi and Vj. It is easy to see that for 1 < i < j < 2k, 
\(Vi, Vj) \ = m 2 except for |(T^, Vfc + j)| = whenever i = 1, . . . , k. If we consider the sets Vi 
as the vertices and the sets (Vi, Vj) as the edges, then we obtain that G is isomorphic to 
the graph K 2 k — F, where F is a perfect matching. Now we define an edge-coloring f3 of 
the graph G. 

For each edge Vp^Vq^ G E(G) with 1 < i < j < 2k and p — 1, . . . , m, q — 1, . . . , m, 
define a color (3 as follows: 

for i = 1, . . . , L|J , j = 2, . . . , k, i + j < k + 1, let 

13 (v^vj?^ = (i + j - 3) m + p + q - 1; 
for i = 2, . . . , k - 1, j = L|J + 2, . . . , k, % + j > k + 2, let 

(3 (vp^Vq^ = (i + j + k — 5) m + p + q — 1; 
for i = 3, . . . , k, j = k + 1, . . . , 2k - 2, j - % < k - 2, let 

/? = + j ~ i ~ 2) m + p + q - 1; 

for i = 1, . . . , k - 1, j = k + 2, . . . , 2k, j - i > k + 1, let 

/? (4* = (j — i — 2)m + p + q — 1; 
for z = 2, . . . , 1 + L^rJ , j = k + 1, . . . , fc + [ , j - i = fc - 1, let 

/? = (2i - 3) m + p + g - 1; 

for % = [^\ + 2, . . . , k, j = k + 1 + [^ij , . . . , 2k - 1, j - i = k - 1, let 

13 (yfv^ = (i + j - 4) m + p + q - 1; 
for i = Jfe + 1, . . . , k + LfJ - 1, j = fc + 2, . . . , 2k - 2, % + j < 3k - 1, let 
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ft (v^v^j = (i + j - 2k - 1) to +p + q - 1; 

for % = fc + 1, . . . , 2fc - 1, j = A; + [~J + 1, . . . , 2k, i + j > 3k, let 

ft (vp^Vq^j = (i + j — k — 3) to +p + q — 1. 

Let us prove that ft is an interval ((§& — l) n — l)-coloring of the graph G. 
First we show that for each t G [T|A; — l) n— l], there is an edge e G with 
/3(e) = t. 

Consider the vertices . . . , Um , ^i 2fc \ • • • , Vm- Now, by Lemma [7] and the definition 
of ft, for 1 < j < m, 

S (vf\ft) = [jfi 2 {[ji3 + m - 1] © (I - l)m) and 
S (vf k \ft) = [Jitk 3 (l3,3 +m-l]@{l- l)m). 

Let (7 and (7 be the subsets of colors appear on edges incident to the vertices v , . . . , Vm 
and vf k \ . . . , Vm in the coloring ft, respectively, that is: 

d = ur=i s { v f ] > and ^ = u;=i s ( v ? k) . 0) • 

It is straightforward to check that C*UC = [f|A; — 1J n — l] , so for each t G — l) w — 1] , 
there is an edge e G -E(G) with /3(e) = £. 

Next we show that the edges incident to any vertex of G are colored by (k — l)n 
consecutive colors. 

Let vf G V(G), where 1 < % < 2k, 1 < j < m. 

Subcase 2.1. 1 < i < 2, 1 < j < m. 

By Lemma [7] and the definition of ft, we have 

S (vf\ft) = S (v?\ft) = U=7 2 ([j, 3 + m - 1] © (I - l)m) = [j, j + (2fc - 2)m - 1]. 

Subcase 2.2. 3 < z < fc, 1 < j < m. 

By Lemma [7J and the definition of ft, we have 

S (vf,ft) = UgT^ ([j, j + m - 1] © (Z - l)m) = [j + (i - 2)m, j + (2fc - 4 + i)m - 1]. 

Subcase 2.3. k + 1 < % < 2k - 2, 1 < j < m. 
By Lemma [7J and the definition of ft, we have 

S (vf,ft) = USi+i ([j, j + m - 1] © (/ - l)m) = [j + k)m,j + (k-2 + i)m- 1]. 

Subcase 2.4. 2k - 1 < i < 2k, 1 < j < m. 
By Lemma [7J and the definition of ft, we have 
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S (^f^, /?) = S (vf k \p) = Lfi 3 + m - 1] © (I - l)m) = 
[j + (k - l)m, j + (3k - 3)m - 1]. 

This shows that (3 is an interval ((-A; — l) n — l)-coloring of G; thus W(G) > (§& — l) n— 
1 for even n > 2. □ 

From Theorems [3](1) and[8j and taking into account that a complete balanced A;-partite 
graph G with n vertices in each part is overfull when nk is odd, we have: 

Corollary 9 If G is a complete balanced k-partite graph with n vertices in each part, then 
x'{G) = (k — l)n if and only if nk is even. 

From Theorems |3]^2) and El we have: 

Corollary 10 Let G be a complete balanced k-partite graph with n vertices in each part 
and nk is even. If (k — l)n <t< (|A; — 1J n — 1, then G has an interval t-coloring. 

Also, note that the proof of the case 2 implies that if a graph G with n vertices is 
(n — 2)-regular, then ^{G) = n — 2. 

The next theorem improves the lower bound in Theorem [8] for complete balanced k- 
partite graphs with even k. 

Theorem 11 Let G be a complete balanced k-partite graph with n vertices in each part. 
If k = p2 q , where p is odd and q £N, then W(G) > (2k — p — q)n — 1. 

Proof. Let V(G) = \vf : 1 < i < k, 1 < j < nj and V(K k ) = {u u . . .,«*}. Also, let 

E(G) = {vjpvjP ■ 1 < i < j < k, 1 < r < n, 1 < s < n\ and E(K k ) = {muf. 1 < % < 
J < k}. 

Since k = p2 q , where p is odd and q G N, by Theorem [61 there exists an interval 
(2k — 1 — p — g)-coloring a of K k . Now we define an edge-coloring f3 of the graph G. 

For each edge Vr Vs € E(G) with 1 < i < j < k and r = 1, . . . , n, s = 1, . . . , n, define 
a color f3 (v^vi^ j as follows: 

P (v^vi j A = (a (UiUj) -l)n + r + s-l. 

By Lemma [7] and the definition of /3, and taking into account that max S (u i: a) — 
min S (ui, a) = k — 2 for i — 1, . . . , k, we have 

max S(ui,a) 

S(vf,^ = |J ([7,j + n-l]©(J-l)n) = 

/=min S(ui,a) 

= [j + (min S(ui, a) — 1) n, j + max S(ui, a)n — 1] 
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for i = 1, . . . , k and j = 1, . . . , n, and 

k n 

\J\J S(vf\f3) = i(2k-p-q)n-l]. 
i=ij=\ 

This shows that (3 is an interval ((2k — p — q)n — l)-coloring of the graph G; thus 
W(G) > (2k-p-q)n-l. □ 

From Theorems [3](2) and [TTJ we have: 

Corollary 12 Let G be a complete balanced k-partite graph with n vertices in each part 
and k = p2 q , where p is odd and q G N. If (k — l)n < t < (2k — p — q)n — 1, then G has 
an interval t-coloring. 

3. Problems 

In the previous section we obtained some results on interval colorings of complete 
balanced multipartite graphs, but very small is known about interval colorings of complete 
unbalanced multipartite graphs. In fact, there are only two results on interval colorings 
of complete unbalanced multipartite graphs. Let ri\ < ■ ■ ■ < be positive integers. The 
complete multipartite graph K ni) ^^ nk is a complete fc-partite graph for which \Vi\ = ni, 
i = 1, . . . , k. The first result is Theorem H] which gives all possible values of the number of 
colors in interval colorings of K ni ^ n2 . The second result was obtained by Feng and Huang 
[E]. In [E], they proved that the complete 3-partite graph i^i,i, n is interval colorable if 
and only if n is even. Now we would like to formulate some problems on interval colorings 
of complete multipartite graphs: 

Problem 1 Characterize all interval colorable complete multipartite graphs. 

Problem 2 Find the exact values of w(G) and W(G) for interval colorable complete 
multipartite graphs G. 

Problem 3 Find the exact value of W (i^ n ,...,n) for interval colorable complete balanced 
k-partite graphs ifn,...,n- 

Note that even a special case of Problem [3] is open: the problem of determining the 
exact value of W(K2 n ) for complete graph K 2n - 
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